The reliable estimation of a flexible foundation model and the state of unbalance (both amplitude and phase) of a turbogenerator from machine run-down measured vibration data is an active research area. Earlier studies on the estimation of both these quantities used the whole frequency range of the rundown as a single band. However, such an identification may be inaccurate for large flexible foundations having many modes in the run-down frequency range. For reliable identification, the whole frequency range has to be divided into a number of frequency bands and the frequency dependent foundation models have to be estimated together with the unbalance. This paper combines the unbalance estimation with the split frequency range for the foundation model, and the highlights the limitations observed during estimation of foundation models and state of unbalance. Having established the method in simulation, experimental data from a 3 m long test rig, with four journal bearings, is used to test the method. The robustness of the unbalance estimates to a number of errors in the bearing and shaft model is demonstrated. The approach seems to give reliable estimates of the machine unbalance.
INTRODUCTION
Over the past thirty years, theoretical models have played an increasing role in the rapid resolution of problems in rotating machinery. Adams and McLosky [1] gave a description of some early applications whilst further examples are given in [2] . A variety of problems have been tackled using a model ranging from mass unbalance to cracked rotors which were studied in detail by Mayes and Davies [3] . However, whilst there is a broad range of possible faults, the single most important defect in a rotating machine remains unbalance and a detailed understanding of a machine's response is required. With the growing use of flexible rotors modal methods have become an important alternative to influence coefficient methods of balancing. Kellenburger [4] gave one of the early discussions of the balancing requirements. Important developments followed, with important developments in the US [5, 6] and Europe [7] . A detailed review emphasizing the role of modal balancing was given Parkinson [8] and this work has been brought up to date by Foiles et al. [9] . The wider field of fault diagnosis has been reviewed by Edwards et al. [10] .
In spite of the success of models, they have shown some inaccuracies and hence have been used in a semi-quantitative manner. If truly accurate models were available then single step balancing would be a reality. It is clear that this would be of tremendous value but seems beyond current capabilities. The problem of reconciling models and data has been discussed in some detail by Maslen et al. [11] and Vazquez et al. [12] . Their approach is somewhat distinct from our own in that sufficient data is available to them to determine the FRF of the rotorbearing system, whereas in the work reported here it is assumed that only run-down data is available.
Some of the shortcomings were described by Lees and Simpson [13] . The most important shortcoming of current machine models of turbogenerators appears to be in the representation of the foundation, as discussed by Lees [14] . Since that paper, this topic has received attention from a number of groups. In Europe, Provassi et al. [15] applied a filtering technique following the studies of Zannetta [16] and Vania [17] . In these approaches the force acting is derived from a knowledge of the bearing models. Feng and Hahn [18] followed a different approach by attempting to measure oil pressures in the bearing, and employing a direct Least Squares approach, which is close to that of Lees [14] . The basic difference in the method of [14] was the use of a validated rotor model to infer the forces acting and this approach is significantly developed by Smart et al. [19] . If rotor proximity data is available, then the method does not require a bearing model. On a machine where only pedestal data is available, then the bearing is used to infer the rotor motion; it been shown however that results are not unduly sensitive to the accuracy of the bearing model (Lees and Friswell, [20] ). The advantage of treating forces in this way is that it leads to a possible route to single run balancing as described by Lees and Friswell [21] . The approach has been tested on a simple rig with bush bearings as reported by Edwards et al. [22] and in the present paper the study is extended to cover more complex structures and oil journal bearings. Figure 1 shows the abstract representation of a turbogenerator, where a rotor is connected to a flexible foundation via oil-film journal bearings. The equations of motion of the system may be written [19] as , ,
THEORY
,
where Z is the dynamic stiffness matrix, the subscripts b and i refer to internal and bearing (connection) degrees of freedom respectively, and the subscripts F, R, and B refer to the foundation, the rotor and the bearings. r are the responses and u f are the unbalance forces, which are assumed to be applied only at the rotor internal degrees of freedom. The dynamic stiffness matrix of the foundation, F Z , is defined only at the degrees of freedom connecting the bearings and the foundation. In practice this will be a reduced order model, where the internal foundation degrees of freedom have been eliminated [19] .
The dynamic stiffness matrix of the bearings is given by B Z . It has been assumed that the inertia effects within the bearings are negligible, although these could be included if required. Short bearing theory will be used to generate the speed dependent stiffness and damping properties of the bearing [23] . This theory approximates the non-linear bearing model by linearised stiffness and damping matrices that vary with rotor speed. The dynamic stiffness matrix may also be derived using complex and detailed numerical models of the journal bearings. However, the static loads on the bearings are often difficult to estimate accurately, and the errors introduced by a slight error in the static load will be far greater than the error introduced by using short bearing theory. Equally, any method of unbalance estimation must be robust with respect to the bearing modelling errors. Lees and Friswell [20] showed that the estimation of the force exerted was accurate over most of the frequency range despite errors in the bearing model.
Solving equation (1) to eliminate the unknown response of the rotor gives, Z is recalculated at each speed in the run-down. In the present case short bearing theory has been used, but it is envisaged that some more sophisticated approach may be required in due course.
PARAMETER ESTIMATION
Although the unbalance will be distributed throughout the rotor, this is equivalent to a discrete distribution of unbalance, provided there are as many balance planes as active modes. Suppose the unbalance planes are located at nodes 1 2 , , , p n n n ! , where p is the number of planes.
The unknown unbalance components are now assembled into a vector
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Using T to denote a selection matrix indicating the location of the balance planes, the relationship between the dynamic stiffness terms can be expressed as
To identify the foundation parameters and forces in a least squares sense, the foundation parameters are grouped into a vector v. We will assume that the foundation dynamic stiffness matrix, F Z , is written in terms of mass, damping and stiffness matrices. The elements in v are individual elements of the structural matrices. With this definition of v, there is a linear transformation such that ,
where W contains the response terms at each measured frequency [19] .
Clearly there is an equation of the form of (4) at every frequency. How these sets of equations are combined is addressed below. The equations generated may be solved in a least squares sense directly, although the solution via the singular value decomposition (SVD) is more robust [24] . Such an equation error approach does not optimise the error in the response directly, and thus the accuracy of the predicted response is not assured. The great advantage is that the equations are linear in the parameters. However a non-linear optimisation (output error) may be performed, starting with linear estimated parameters, if more accurate prediction of the response is required [19] . In the present paper, only the equation error approach has been considered in order to concentrate on the influence of the frequency range subdivision. Furthermore, the unbalance seems to be robustly estimated by the equation error approach, even if the foundation is relatively inaccurate [22] .
SPLITTING THE FREQUENCY RANGE
Suppose that the frequencies at which the response is measured are q ω , 1, , q N = ! . Then the different methods arise depending on whether the frequency range is split, or not, with a different foundation model in each frequency band. Thus the identification can be carried out in two ways.
Method 1: Single foundation model
Here all the measurements are used at once, and only one estimate of the unbalance state and onee foundation model is produced. Thus, equation (4) is repeated N times.
Method 2: Multiple foundation models
The difficulty in applying the method outlined above is that the stiffness mass and damping parameters retain constant values throughout the running range of the machine. This is equivalent to assuming that there are fewer modes of interest than there are measurement points, and in most cases there is little justification for this assumption. One way to circumvent this difficulty is to allow the stiffness and mass parameters to assume different values in different part of the speed range. The unbalance, however, remains a constant, independent of speed.
Let us assume that the run-down frequency range is split into b frequency bands. The vectors of the foundation parameters are identified in each frequency band, and are denoted 1 v , 2 v ,…, b v . For each frequency band an equation similar to equation (4) is generated, and if the W, R and Q matrices are combined, can be written as band_ band_ band_
The problem may also be solved in one step using entire frequency range of the run-down in a single band, as in Method 1, giving a global estimate of the unbalance vector e. Alternatively, a different foundation model may be used is each frequency band, but the unbalance parameters are the same in all bands. This gives, 
REGULARISATION
Equations (5) and (6) are least squares problems, and their solutions are likely to be ill-conditioned [19] . Generally two types of scaling, namely row scaling and column scaling, may be applied to least squares problems [25] . Column scaling is necessary because of the different magnitudes of the elements of the F M , F C and F K matrices, and the scaling factors used here were 1, ω and 2 ω respectively, where ω is the mean value of the frequency range. The scaling of the columns of R depends upon engineering judgement based on the unbalance magnitudes expected. The truncated SVD was used to solve the equations [24] .
Other physically based constraints may be applied to the foundation model to improve the conditioning. For example, the mass, damping and stiffness matrices of the foundation may be assumed to be symmetric, therefore reducing the number of unknown foundation parameters. Other constraints could be introduced, such as a diagonal mass or damping matrix, or block diagonal matrices if the bearing pedestals do not interact dynamically. Furthermore the measured data may be regularised by removing the effects of noise modes in the data, using the SVD of the autocorrelation matrix of the responses. The singular values below a certain tolerance represent the noisy part of the data, and a transformation based on the singular vectors used to remove this noise. Smart et al. [19] gave more detail.
THE EXAMPLE MACHINE
The two methods were applied to a flexible rotor mounted on four fluid bearings, with a flexible foundation. The machine was used in both the simulated and the experimental examples, and so the machine and its associated model will be described in detail here.
The example machine is a physical test rig at Aston University, Birmingham. The rig consists of a solidly coupled, two-shaft system mounted on four oil lubricated journal bearings. The bearings sit on flexible steel pedestals bolted onto a large lathe bed which rests on a concrete foundation. The rotor itself consists of two steel shafts 1.56 m and 1.175 m long, each with nominal diameter of 38 mm and coupled through flanges of 150 mm long and 100 mm diameter at the connecting end of the both shafts. At either end of the shafts are journals of diameter 100 mm, and the centre of the shafts have machined sections for balancing discs. Each balancing disc is 203.2 mm in diameter, and there are three on the long rotor and two on the short rotor. The bearings are circular, have a length to diameter ratio of 0.3, a radial clearance of 150 µm and contain oil with viscosity 0.0009 Ns/m 2 . Accelerometers are mounted at each bearing measuring in the horizontal and vertical directions.
A finite element model was created for the rotor with 51 two-noded Timoshenko beam elements, each with two translational and two rotational degrees of freedom. Short bearing theory was used to obtain values for the bearing stiffness and damping [23] . For the simulated example the static loads acting on bearings 1 to 4 are assumed to be 400 N, 221 N, 486 N and 461 N respectively. The entire rig was assumed to be constrained along the axial direction of the rotor and torsional and axial vibration were assumed to be negligible.
Since there are four bearings, and only the horizontal and vertical accelerations are measured, there are 8 measured degrees of freedom. Using a foundation model with mass, damping and stiffness matrices means that this foundation model has 8 degrees of freedom. Of course the actual foundation also has internal degrees of freedom. For the purpose of the simulation only the translational degrees of freedom are considered, and the displacement vector of the foundation is ordered as
where x and y are the horizontal and vertical directions, and the subscript refer to the response at the corresponding bearing. 
This foundation model has a similar dynamic stiffness to the actual foundation and has a similar distribution of modes of the foundation in isolation [19] .
SIMULATED RESULTS AND DISCUSSION
The measured responses at the bearing foundation were computed using the assumed foundation model and a given unbalance on the rotor, using equation (1). Table 1 shows the different unbalance configurations used to excite the rotor for the different runs. The machine was run-down from 60 Hz to 1 Hz, with measurements taken at a spacing of 0.5 Hz. The calculated responses associated with the translational degrees of freedom at all four bearings were assumed to be the measured responses. Using these measured responses, the identification of the foundation model and the unbalance state (at known balance planes) was then carried out.
The estimated unbalances for the different runs are listed in Table 1 . Using a single foundation model the identified unbalances were quite accurate. However the response estimation using the identified foundation models and unbalance state were not very good for any of the cases, even for the simulated example. The results using multiple foundation models are given in the last column in Table 1 . The unbalance estimates are accurate in all cases, and the fit to the simulated responses is quite good. The results are encouraging.
EXPERIMENTAL EXAMPLE
The identification methods were tested on experimental data from the test rig at Aston University. The machine was rundown from 55 Hz to 5 Hz in 210 frequency steps. The first order responses for the horizontal and vertical acceleration at the bearing pedestals were extracted. The static load at the bearings was estimated by Smart [19] to be 221 N, 486 N, 461 N and 400 N at bearings 1 to 4 respectively. Three runs were performed, the first with the residual unbalance and the second and third cases with the addition of different unbalance weight distributions. Since the residual unbalance was unknown, two approaches were taken. The first approach subtracts the response for run 1 from that for run 2, and the unbalance state was then identified from the resulting responses. Assuming the system is linear then the identified unbalance will be the unbalance added. The alternative is to estimate the residual unbalance for run 1, estimate the unbalance for run 2, and difference these estimates to compare with the unbalance weights added. The process may be repeated for run 3. Table 2 shows the runs when the difference between the runs is considered, and illustrates the difference in performance of the two approaches. In Method 2, using multiple foundation models, the frequency range is split into four bands; 5-17 Hz, 17-28 Hz, 28-40 Hz and 40-55 Hz. Table 3 shows the equivalent results when the unbalance is estimated for each run, and the estimated unbalances are differenced. Both approaches give good estimates of the unbalance, however splitting the frequency range and using multiple foundation models consistently gives better unbalance estimates. The amplitude of the unbalance is consistently estimated more accurately than the phase. This may be because of errors in the bearing model, or maybe small phase shifts in the measurement system. The fit of the estimated responses to the measured responses is not particularly good, because of the ill-conditioning of the foundation model parameters, and the fact that an equation error rather than an output error approach is used. However it is encouraging that the unbalance estimation is still excellent despite these problems, showing that the unbalance estimation is robust.
ROBUSTNESS OF THE UNBLANCE ESTIMATES TO MODELING ERRORS
The proposed estimation method uses models of the shaft and the bearings. The shaft model is likely to be very accurate, and if the shaft is available before installation then the free-free response of the rotor may be checked against that predicted by the model. The examples described thus far in the paper have used short bearing theory for the bearing model. This theory is reasonably accurate, although the greatest unknown quantity in the model is the estimated static load on the bearings, which depends critically on the alignment of the machine. The unbalance estimation was performed in the previous sections assuming that the machine was perfectly aligned. This section considers the sensitivity of the unbalance estimates to some potential modeling errors. Clearly there are a huge number of potential sources of error, and the selection chosen here is designed to demonstrate the robustness of the unbalance estimates, rather than localize any modeling error. Table 4 shows the results obtained by assuming a number of modeling errors, using the experimental data. The estimation is performed by splitting the frequency range into a number of bands for the foundation model. The unbalance is estimated for each run, and the unbalance estimates are subtracted to estimate the unbalance added. The first exercise was to zero the bearing damping, while retaining the speed dependent bearing stiffness. If the bearing model were to introduce phase errors into the unbalance estimate, then bearing damping may be a cause. Table 4 shows that the phase of the estimated unbalance does change to some extent, although reducing the damping to zero is a significant change in the model. Next the viscosity of the oil in the bearing is halved, which produces very little change in the unbalance estimates. Increasing the bearing clearance in the model does produce significant changes in the unbalance estimates, particularly at the disk near the free end of the rotor.
Increasing the shaft stiffness by 5% has a very significant effect on the unbalance estimates. This shows that accurate modeling of the shaft is more important for good unbalance estimates than accurate bearing models. Table 4 shows various changes to the assumed static load on the bearings in the model. What is clear from the examples where a single static load changes, is that the unbalance estimates change most on the disks nearest to the bearing whose load has changed. Thus disk 5 is nearest to bearing 4, and so the estimate of this unbalance changes significantly when the load on bearing 4 is reduced.
These examples have shown the robustness of the proposed unbalance estimation approach to representative modeling errors. The use of short bearing theory for the bearing model seems adequate, and the importance of the accurate machine alignment has been highlighted. Furthermore it is vital that the shaft is modelled accurately.
CONCLUSION
An identification method for the estimation of both the state of unbalance (amplitude and phase) and the flexible foundation model of a rotor-bearing-foundation system has been presented. The estimation uses measured vibration data at the bearing pedestals from a single run-down or run-up of the machine, without prior knowledge of the state of unbalance. Two approaches were used for the estimation. The first method uses the whole frequency range at once, is very quick and generally gives a good estimate of the state of unbalance. However, the estimated foundation model is not very good, since there are fewer degrees of freedom in the foundation model than system modes. This may be overcome by dividing the entire frequency range into smaller frequency bands and estimating the frequency dependent foundation models. The second method combines these approaches by estimating a global unbalance vector, but a different foundation model in each frequency band. This combined method was found to be the most reliable for estimation of both the frequency dependent foundation models and the state of unbalance. This method is also robust to noisy data and modeling errors. The approaches were fully tested on simulated and experimental data from a four bearing machine. 
